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Abstract. Current graphical systems include primitives to draw strai-
ght-line segments, circles, Bézier curves and surfaces, NURBS (Non-Uni-
form Rational B-Splines), but many of them fail displaying curve singu-
larities (self-intersections) correctly. This paper introduces a fast and
robust non-uniform binary space partition (BSP) algorithm for implicit
curves possibly with self-intersections and other differentiable singulari-
ties. These singularities are computed without using traditional differen-
tial techniques.

1 Introduction

An implicit curve C is a level set (or zero set) of some analytic function f from R”
to R, say C = {x € Q CR": f(x) = 0}. In this paper, we consider the problem
of representing 2D implicit curves defined by analytic functions. In other words,
we aim to compute a polygonal approximation for a curve C = {(z,y) € 2 C R? :
f(x,y) = 0} defined implicitly by some analytic function f : Q2 C R? — R. Note
that the corresponding algorithm applies not only to algebraic curves as in [4],
but also to more general analytic curves (e.g. curves defined by transcendental
functions). Basically, there are three categories of algorithms to represent implicit
curves on a display screen, namely:

— Representation conversion. These algorithms convert an implicit curve into
a parametric curve in order to easily display it on a screen [2], [5], [11]. How-
ever, rarely there is a global parameterization for an implicit curve, unless it
is regular. In fact, a local parameterization always exist in a neighborhood
of a regular point of an implicit curve, i.e. a point p = (u,v) such that
f(p) = 0 and V[ # 0. In this way, we can render a regular implicit curve
through rendering algorithms for parametric curves.

— Curve tracking. The idea behind this class of algorithms is to follow the curve
point after point in a way similar to parametric curves [7], [12]. This approach
has its roots in the Bresenham’s algorithm for rendering circles, which is ba-
sically a continuation method in image space. A simple continuation method
consists of integrating the Hamiltonian vector field (—9f/dy, df/dz), com-
bining a simple numerical integration method with a Newton corrector [IJ.
These methods are attractive because they concentrate effort where it is
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needed, and may adapt the computed approximation to the local geometry
of the curve. Unfortunately, they need a starting point on each component
of the curve.

— Space subdivision. It consists of dividing the ambient space into subspaces,
discarding those not intersecting the curve. The subdivision is done recur-
sively and terminates when the resulting approximation to the curve by a set
of small subspaces (e.g. small rectangles) [5], [6], [T5] is good enough. Robust
algorithms can be implemented by using algebraic techniques and interval
arithmetic [14], algebraic or rational techniques [9], [§], and floating-point
arithmetic [I3]. However, the space subdivision techniques were not attrac-
tive for many researchers because of their low speed-up for most applications
[14]. But, recently [10] presented a technique using interval arithmetic that
allows speeding up the curve rendering.

This paper deals with a new space subdivision algorithm for planar implicit
curves. Unlike other space subdivision algorithms, it is shape-adaptive in the
sense that there are more space subdivisions where the shape of the curve changes
more significantly. As a consequence, the space subdivision is not uniform. The
paper is organized as follows. Section 2 describes the non-uniform binary space
partition, including the BSP data structure. Section 3 describes the continuation
of points embedded in the BSP data structure that enables rendering the curve.
Section 4 shows some relevant experimental results. At last, some conclusions
are drawn in Section 5.

2 Non-uniform Binary Space Partition

2.1 BSP Data Structure

Fig. [ illustrates the non-uniform BSP (Binary Space Partition) technique for
a planar implicit curve C. It recursively splits up the subspace Q € R? where
the curve lies in into two spaces e f¢, {2rigne by some straight-line [ intersecting
the curve, called the BSP line. If a subspace contains a curve segment, it is
partitioned again, unless the distance between the endpoints of the curve segment
is less than or equal to a small tolerance €, or the curvature along the curve
segment does not change too much. Subspaces without any curve segment are
discarded, and those where the curvature of the curve changes are further split
up. This way, our technique adapts to the shape of the curve.

In terms of C++ code, the corresponding BSP data structure is as follows:

class BSP {
List *xfr;
List *1lip;
BSPline *1;
BSP *left, *right;
BSP *next;
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The variable fr denotes the frontier Fr(Q) of a convex subspace 2. It consists
of a list of straight-line segments bounding €2; 1lip is a list of points resulting
from the intersection Fr(Q2) NC; 1 is the line that splits up 2 into two subsidiary
subspaces Qepy and pigne; left denotes (Yef:, while right denotes $pignt;
next is used for rendering C and represents the next left leaf of the BSP tree as
explained further ahead.
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Fig. 1. The BSP tree.

2.2 BSP Line

Determining a BSP line involves the following computations on the frontier of
the subspace to be split up:

— Determine the intersection points Fr(2) N C;
— Choose the most distant points P, @ amongst those in Fr(Q) NC;
— Determine the mediatrix [ of the segment PQ.

Fig. 2. BSP lines for three subspaces.
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The BSP line is precisely the mediatrix of PQ (Fig.[R]). The idea behind the
choice of the most distant points P, ) is to partition the subspace equally as
much as possible. The result is a more balanced BSP tree data structure. This
eventually prevents memory stack overflow.

The corresponding algorithm to compute the BSP line is then as follows:

Algorithm 1 (BSPLINE)
INPUT:

(a) Q: a subspace of R?
OUTPUT:

(a) I: a BSP line
Begin

1. if (9 is the initial subspace)
e [ «— an arbitrary line through the center of €2 intersecting C
2. else
(a) lip— Fr(Q)NnC
(b) if (Yip)
e [« an arbitrary line through the center of 2
(c) else
e determine the most distant points P, Q € lip
| +— mediatrix of PQ
if (d(P,Q) < €) return NULL
if (d(P,Q) <7) and (#(Fr(2)NC)==2)
- R<—INC
- if (Z(RP, RQ) ~ 180°) return NULL
3. return [

End

The BSP technique does not depend on the existence of curve singulari-
ties such as cusps and self-intersections. Besides, if a subspace contains a self-
intersection, its recursive partition tends to converge to such a singularity. There-
fore, it would be interesting to exploit the non-uniform BSP technique to de-
termine self-touching points and self-intersections somehow. For that, we would
start by identifying subspace leaves of the BSP tree with at least three curve
points in its frontier, i.e. #(Fr(Q) NC) > 3. However, for intermediate nodes,
this is not a valid condition for the existence of, for example, a self-intersection as
illustrated in Fig. PYb). Singularities can be only determined in subspace leaves.
In fact, subspace leaves are small enough that if the condition #(Fr(©2)NC) > 3
is true, we have a singularity in it surely. Note that subspace leaves are small
because they satisfy the condition d(P,Q) < ¢, i.e. the distance between the
most distant points P, Q € Fr(2) NC is less than e. Thus, a partition stopping
criterion is that the maximum distance between any two curve endpoints within
a subspace is less than a small €, as shown in BSPLINE algorithm. Under these
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conditions, we assume that a self-touching point, and also a self-intersection
point, can be approximated to the midpoint of PQ.

A second partition stopping criterion has to do with the control of the cur-
vature. This is done by the conditions d(P, Q) < 7 and #(Fr(2)NC) == 2 in
BSPLINE algorithm, where 7 = 3e. In this case, if the angle Z(RP, RQ) =~ 180°,
the subspace partition stops, i.e. no BSP line is returned. (The point R is the
intersection point between the mediatrix [ and the curve C.) Otherwise, the BSP
line previously determined is returned and the subspace partition proceeds.

2.3 Position of a Curve Point in Relation to the BSP Line

Before splitting up a subspace {2 into two subspaces Qef¢, Qrigne by a straight
line I, we have to classify the curve points intersecting the frontier of Q as
belonging to either cr¢ or Qpigns.

Fig. 3. Positioning curve points in relation to the BSP line.

Let P be an intersection point of the curve with the BSP line ! (Fig. B). The
classification algorithm is as follows:

o Determine the unit vector @ at P with the direction of I;
e Determine the unit vector w orthogonal to €;
—
e Determine the unit vector PX for any curve point X intersecting the frontier
of Q;
. = = I = — - =
o If the mixed product (U x V). w > 0, with U = w x PX and V = W x PY,
the points X, Y belong to the same subspace, either Qi or yigne;
. - = R T — - ==
o If the mixed product (U x V). W < 0, with U = W x PX and V = v x PY,
the points X,Y belong to distinct subspaces.

In Fig. Bl the points A, B belong to Qe ¢, while C, D belong to Qyigne. If the
- =
mixed product (U x V).w = 0, the point X belongs to both Qright and Qe
This happens when X (e.g. P in Fig. B))(b) is an intersection point between the
curve and the BSP line.
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2.4 Creation of the Subsidiary Subspaces Qright and Qleft

After classifying the points Fr(Q) N C as belonging to either Q,;gnt or Qege, we
have to form these subsidiary subspaces. This is equivalent to form their frontiers.
This is illustrated in Fig. 3, where Fr(Q2) = {s1, s2, $3, 84, S5} is the frontier of a
convex subspace €2 in R? and [ a straight-line intersecting Fr(£2) at exactly two
points. The first intersection point subdivides s3 into two smaller segments, s31
and ss32, while the second subdivides s5 into s51 and s52. These two intersection
points originate the segment s; C [ that splits up € into Qyigne = {s1, $32, S4, S52}
and Qe pr = {s1, 851, S1, 52, 831 }-

Of course the creation of both subspaces requires the classification of its
bounding segments in relation to the splitting line /. The segment classification
is based on the point classification described in the previous subsection. The
mixed product (ﬁ X X—/)W is greater or equal to zero for any two segment end-
points bounding the same subspace, and less than zero for endpoints belonging
to distinct subspaces.

The corresponding algorithm to compute the subsidiary subspaces is:

Algorithm 2 (SUBSPACES)
INPUT:

(a) I: the partition line of 2
(b) Q: a subspace of R?

OUTPUT:

(a) Quepe: Quepr C L
(b) QTight: Qrigh,t C Q

Begin

Qiefr —

Qright — g

Determine two intersection points Fr(2) N1
Classify points Fr(Q) N C and Fr(Q) N1
Update frontier points e

Update frontier points 2yigns

B o

End

2.5 Intersection between a Curve and a Straight-Line

The secant method is a root-finding algorithm which assumes that a function
to be approximately linear in the region of interest [3]. Otherwise, there is no
guarantee that it converges. Basically, it starts from two distinct estimates A and
B for the root of f(xz) = 0. An iterative process involving linear interpolation
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Fig. 4. Illustration of the secant approximation method.

updates A and B, but only the most recent estimate, say A, is retained. The
interpolation is given by the formula

(B—A4)
f(B) = f(A)

being I is the next point that approximates the intersection point.

The secant approximation method is part of the algorithm that computes the
intersection point between the curve C and a subspace mediatrix [. Initially, the
mediatrix is subdivided into several smaller segments. Then, the secant method
is applied to each small segment that satisfies the condition f(A).f(B) < 0. This
condition guarantees that there is an intersection point C NI between A and B.
The division of the mediatrix into smaller segments is needed to guarantee that
the secant method converges for each segment satisfying the above condition,
and also because it there may be two or more intersection points.

Let MAXLENGTH be the length of the admissible longest mediatrix, i.e.
the length of the diagonal of the initial space 2, and M AX = 10 be the maximum
number of segments in such a longest mediatrix. The subdivision of a subspace
mediatrix is adaptive in the sense that the number of its subsidiary segments
depends on its LENGTH.If LENGTH < (MAXLENGTH/MAX), then one
applies the secant method to the mediatrix itself; otherwise, one subdivides the
mediatrix into a number of segments given by

I=B-f(B). (1)

NSEG = (MAX .LENGTH)/MAXLENGTH (2)

applying then the secant method to each segment.

3 Continuation and Rendering of the Curve

To render an implicit curve, we have some mechanism to traverse the BSP tree
in order to sequence the computed points of C. Looking at Fig. [[l we see that
we have only to sequence the left leaves of the BSP tree. These left leaves are
collected into a list to speed up the rendering process. This has the advantage
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that there is no need to visit all tree nodes. Visiting only the left leaves represents
a gain of 50% in rendering C in relation to a full traversal of the BSP tree. In
fact, if the BSP tree goes down to the level N, its overall number of nodes is
2N+1 _ 1, but only 2V leaves are visited.

The overall rendering algorithm for implicit curves is as follows:

Algorithm 3 (CURVE)
INPUT:

(a) C: the curve
Begin

1. Q « a rectangular subspace of R?;
2. BSP(Q,7);
3. Render C;

End

The sub-algorithm BSP (step 2) is the main part of the non-uniform binary
space partition algorithm. It can be described as follows:

Algorithm 4 (BSP)
INPUT:

(a) ©: a subspace of R?
(b) d: degree of BSP tree or recursion level

Begin

1. if (d == 0) return NULL;

2. 1 — BSPLINE(Q)

3. if(l)
e SUBSPACES(l, Q, Qcst, Qright);
° BSP(Qleft, d— 1);
e BSP(Qright,d — 1);

End

Note that there is a third partition stopping criterion given by the recursion
level or BSP tree degree, which is assumed to be equal to 7.

4 Experimental Results

Although our algorithm uses a space subdivision technique, it proved to be fast.
Unexpectedly, we noted that the algorithm performs faster where the shape of
the curve changes more significantly. This happens because the number of sub-
spaces increases where the shape of the curve is non-symmetric or irregular. The
curves pictured in Fig. [f] were drawn with a precision of ¢ = 10~2 and maximum



426 F. Morgado and A. Gomes

(x-1)(-11=0 K20+ y2f2-1=0

fepp = 13. 5; fepp = 15.25 fepp = 16.01
drawing time=0.11s @ drawing time = 0.095 ® drawingtime = 0.22s e

- L [l . LY 7=/ 2 F PN
{2+ 28y (-1 )24 2= y-sin{1x) =0 Sin3{ 21+ 4sin3(y)-
0.3){(x+1)2+y2-0 3)( 2+ (y-2)2- | fepp = 2388 3sin(2x)siniy)=0
DAY+ {(y+2)-04) =0 drawing time = 0,581s fepp = 14.53
fepp =15.01 o) (& drawing time = 0,925 )

drawingtime = 0.31s

Fig. 5. Experimental results of some implicit curves.

recursion level of the BSP tree equal to 7. The term ”fepp” denotes the number of
function evaluations per computed point. This is so because every solution point
is determined by an iterative approximation method (i.e. the secant method).
The runtime performance tests were performed on a PC equipped with 500MHz
Intel Pentium, 128MB RAM, and running Windows NT.

Commercial software packages such as the Maple and Mathematica do not
incorporate accurate algorithms to draw implicit curves. In general, they are
able to draw implicit curves somehow, but they fail at self-intersection points.
For example, they cannot draw correctly the curve (z—1)(y —1) = 0 in Fig. El(a)
about the point P = (1,1). In fact, P is a self-intersection point of this curve
that is the union of two straight lines, x — 1 =0and y — 1 = 0.

In general, space subdivision algorithms draw implicit curves correctly (see,
for example, [10]). But, unlike the algorithm proposed in this paper, they are not
able to distinguish a singularity from a regular point. However, similar to other
space subdivision algorithms, our algorithm cannot identify isolated points.

5 Conclusions

A general implicit curve algorithm has been proposed. It is based on a non-
uniform space partition technique. A curve needs not be closed or connected,
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though single-point components are not detectable anyway. Besides, a curve
may possess singularities and ripples.

Remarkably, this algorithm detects and accurately draws self-intersection

and self-touching points without using any differential calculus tools. The com-
putation of points is done through an iterative approximation technique, i.e. the
secant method.

The algorithm proved to be fast enough to be included into current graphical

systems. But, its speed depends on the efficiency of the algorithm that computes
the intersection between a straight-line segment and the curve.
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